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SUMMARY 
Let the reductive algebraic group G act linearly on the vector space V. In this paper we prove 
a number of theorems to the effect that the number of orbits of a subgroup Ei of G on a subvariety 
X of V is finite. For example, let L be a Levi subgroup of G and let S be the maximum torus of 
the centre of L. Then we show that for every non-zero weight L of S on Lie(G), the number of orbits 
of L on the weight space Lie( is finite. 
INTRODUCTION 
In this paper we apply the results of [8] to prove several finiteness theorems 
for orbits of affine algebraic groups. Our main result is the following theorem: 
THEOREM A. Let H be an affine algebraic group over an algebraically closed 
field k and let G and S be closed subgroups of H. Assume that G is a connected 
normal subgroup of H and that S is a diagonalizable group. Let 
L=GS={gEGIsgs-‘=gfor every SES). 
Let V be a rational H-module and let ?, be a weight of S on V. If u E V,, then 
L has only a finite number of orbits on the intersection (G- u)n V,. 
We obtain a number of finiteness results for orbits as easy applications of 
Theorem A. In particular we have the following theorems. 
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THEOREM E. Let G be a semisimple algebraic group over an algebraically 
closed field k and let g = Lie(G). Let S be a torus of G, let L = GS and let A be 
a non-zero weight of S on g. Then L has only a finite number of orbits on the 
weight space gA. 
THEOREM G. Let g be a real semisimple Lie algebra, let g = f + a + n be an 
Iwasawa decomposition of g and let p. = m + a+ n be the corresponding 
minimal parabolic subalgebra of g. Let p be a parabolic subalgebra containing 
p. and let p = m’+ a’+ n! be the Langlands decomposition of p. Let G = Int(g), 
let I= m’+ a’ and let L be the (closed) analytic subgroup of G with Lie algebra 
I. If p E a’” is a weight for the adjoint representation of a’ on n’, then L has only 
a finite number of orbits on the weight space n; = gP. 
We would like to thank Garth Warner who formulated the statement of 
Theorem G and wrote to us asking if we could prove it. 
After an earlier version of this paper was written, we were informed by Victor 
Kac that, in the case of an algebraically closed field of characteristic zero, 
several of our results were consequences of results of his [6] on Z-graded Lie 
algebras. However the proofs in the case of characteristic p are more delicate, 
because of inseparability problems. 
1. PRELIMINARIES 
Our basic reference for algebraic groups is the book by Bore1 [l]. Except in 
Section 5, we always work over an algebraically closed base field k. All 
algebraic groups considered are affine algebraic groups. If the algebraic group 
S acts morphically on the algebraic variety X, then Xs denotes the variety of 
fixed points of S on X. If G and S are closed subgroups of an algebraic group 
H and if G is normalised by S, we let S act on G by conjugation: se g =sgs- ‘, 
s E S and g E G. Thus GS is the centralizer of S in G. 
If H is an algebraic group, a character of N is an algebraic group homo- 
morphism p : H-+k *. We denote by X*(H) the group of all characters of H. 
If Q : G-t GL(V) is a rational representation of the algebraic group G, we say 
that V is a rational G-module. (Thus rational G-modules. are always assumed 
to be finite dimensional.) If g E G and u E V, then we write g. u for Q(g). u and 
G. u for the orbit Q(G). o. 
Let S be a diagonalizable algebraic group and let V be a rational S-module. 
If A is a character of S, we set 
v~={uEV~S*u=A(S)u @ES)}. 
If V, f {0}, then A is a weight of S on I/ and VA is the weight space of weight 
1. Since S is diagonalizable, V is the S-module direct sum of the weight 
spaces VA. 
Let S and G be closed subgroups of the algebraic group H. Assume that S 
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is diagonalizable and that G is normalized by S. Let L = GS, let V be a rational 
H-module and let A be a weight of S on I/. Then an easy argument shows that 
the weight space V, is L-stable. 
As usual, we let Q, R and C denote respectively the rational numbers, the real 
numbers and the complex numbers. 
2. PROOF OF THEOREM A 
The following elementary lemma will allow us to reduce the proof of 
Theorem A to the case when A is the zero weight. 
LEMMA 2.1. Let G and S be closed subgroups of the algebraic group H, with 
G a connected normal subgroup of H and S a diagonalizable group. Let 
L = GS. Let e:H-+GL(V) be a rational representation of H and let A be a 
weight of S on V. Then there exists an algebraic group H’ containing G as a 
closed normal subgroup, a closed diagonalizable subgroup S’ of H’ and a 
rational representation z:H’-+GL(V) such that the following conditions are 
satisfied: 
(i) G”=L; 
(ii) z(g) = e(g) for every g E G; and 
(iii) I/” = VA. 
PROOF. Set H’= S x H and define a representation z: S x H-+GL(V) by 
r(s, h)=il(s)-‘e(h). Let s’=((s,s)Is~S) be the diagonal subgroup of SxS and 
identify G with the closed subgroup {e} x G of S x H. Clearly G is normal in 
H’ and it is obvious that conditions (i) and (ii) above are satisfied. 
Let Y be the set of weights of S= {e} x S on c thus V= CaaY V,. Let UE V 
and write u = C, v, where v, E V,. If s E S, then we have 
ds, 4.0 = c, A(s) - la(s)u,. 
It follows easily from this that Vs’= V,. This proves 2.1. 
The following result is proved in [8, Thm. A]: 
2.2. Let G be a closed normal connected subgroup of the algebraic group 
H. Let H act morphically on the algebraic variety X and assume that the 
induced action of G on X is transitive. Let S be a closed subgroup of H and 
let L = GS. Assume that the following two conditions are satisfied: 
(i) the adjoint representation of S on Lie(G) is semisimple; and 
(ii) Lie(G)’ = Lie(L). 
Then Lo acts transitively on each connected component of X’. In particular L 
has only a finite number of orbits on Xs and each such L-orbit is closed. 
We note that if S in 2.2 is a diagonalizable group, then conditions (i) and (ii) 
are automatically satisfied. 
We are now ready to prove Theorem A. Let the notation be as in the state- 
ment of the theorem. It follows from 2.1 that it will suffice to prove the 
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theorem when Iz is the zero weight, i.e. when V, = Vs. Let X denote the orbit 
G. u. By 2.2, L has only a finite number of orbits on Xs= (G. o)n V,. This 
proves the theorem. 
3,APPLICATIONSOFTHEOREMA 
Let G be an algebraic group and let Ybe a rational G-module. We let .Y( V, G) 
be the set of points u E V such that 0 belongs to the closure of the orbit G. o. 
For G a reductive group, the points of Z?(“(v, G) are called the unstable points 
for the action of G on V. (If Go is reductive, then .Y(“(v, G) is a closed subset 
of V. However this is not necessarily the case if Go is not reductive.) 
THEOREM B. Let H, S, G, L, V and Iz be as in Theorem A. (a) Assume that 
G has only a finite number of orbits on V. Then L has only a finite number 
of orbits on V,. (b) Assume that G has only a finite number of orbits on 
Z?(V, G). Then L has only a finite number of orbits on ZF(V,, L). 
The proof of (a) is immediate from Theorem A. Since .5?(k’,, L)C 5?(V, G), 
(b) is also an immediate consequence of Theorem A. 
THEOREM C. Let G be a connected algebraic group, let S be a torus of G and 
let L = G’. Let V be a rational G-module such that G has only a finite number 
of orbits on Z?(V, G). If A is a non-zero weight of S on V, then L has only a 
finite number of orbits on the weight space V,. 
PROOF. Since S is a torus and I EX *(S) is non-zero, it is clear that 
VA C Z?‘(“(v, G). Thus Theorem C follows from Theorem A. 
Here is a surprising consequence of Theorem C. 
COROLLARY 3.1. Let G be a reductive algebraic group, let T be a maximal 
torus of G and let V be a rational G-module. Assume that G has only a finite 
number of orbits on F(V, G). If L is a non-zero weight of T on V, then the 
weight space V, is l-dimensional. 
PROOF. Since G is reductive, CT= T. By Theorem C, T has only a finite 
number of orbits on V’,. Since T acts on VA by the character 1, VA must be one- 
dimensional. 
We will need the following result: 
3.2. Let G be a semisimple algebraic group. (i) Then the Lie algebra g = Lie(G) 
has only a finite number of nilpotent conjugacy classes. (ii) Y(g, G) is the set 
of all nilpotent elements of g. 
If the characteristic of k is “good” for G, then the result 3.2.(i) has been 
known for some time [l 1, p. E-191. If G is a classical group, it follows in 
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arbitary characteristic from the classification given by Wall [ 121. For the excep- 
tional groups, the result has recently been proved by Spaltenstein [lo] by a case 
by case check. The result 3.2.(ii) is well known. See, e.g., [9, 0 91. 
LEMMA3.3. Let G and S be closed subgroups of an algebraic group H, with 
G reductive and normal in H and S a diagonalizable group. Let L = GS. Let V 
be a rational H-module and let 1 be a weight of S on V. Then Y(G, V)rl VA = 
= fqv,, L). 
PROOF. It is clear that 2’(V,, L) is contained in Y(G, V) n V,. It follows from 
[8, Prop. 10.1.51 that Lo is a reductive group. Let u E 46, V) fl V,. By Lemma 
2.1, we may assume that VA = Vs. Under this assumption, we see from [8, 
Thm. C] that u E Y(V,, L). This proves the lemma. 
THEOREM D. Let the diagonalizable group S act morphically (by algebraic 
group automorphisms) on the semisimple algebraic group G and let L = G’. 
Let Jv be the set of nilpotent elements of g = Lie(G). 
(a) Let A be a weight of S on g. Then L has only a finite number of orbits 
on Jvng,. 
(b) Let C be a maximal torus of L and let a be a non-zero weight of C on 
Q. Then the weight space (g,& is l-dimensional. 
PROOF. Let H= S tx G be the semi-direct product of S and G; we consider S 
and G as closed subgroups of H in the obvious way. Thus G is a normal 
subgroup of Hand g is stable under the adjoint representation of H. Hence (a) 
follows from Theorem A and 3.2.(i). The proof of (b) follows from (a), 
Theorem B, 3.2 and 3.3, and Corollary 3.1. 
THEOREM E. Let G be a semisimple algebraic group, let S be a torus of G and 
let A be a non-zero weight of S on g. Then L has only a finite number of orbits 
on the weight space gA. 
The proof follows immediately from Theorem C and 3.2. 
3.4. EXAMPLE. Assume characteristic (k)#2. Let G be a semisimple alge- 
braic group, let 0 be an involutive automorphism of G and let p denote the - 1 
eigenspace of the differential dO on the Lie algebra g = Lie(G). Let K denote 
the subgroup Go of fixed points of 0. Then p is a K-stable subspace of g. Let 
N(p) denote the cone of nilpotent elements of p. By Lemma 3.3, N(p) = Y(p, K), 
and it follows from 3.2 and Theorem B that K has only a finite number of orbits 
on N(p). If C is a maximal torus of K and a is a non-zero weight of C on p, 
then it follows from Theorem D that the weight space p, is one-dimensional. 
4. FINITENESS OF ORBITS ON FIBRES 
4.1. Invariants of reductive groups. We recall a few known results on poly- 
341 
nomial invariants of reductive groups. If k is of characteristic zero, these results 
are standard. In positive characteristic, they require the Mumford Conjecture 
[5]. See [4] for a few more details. 
Let G be an algebraic group such that Go is reductive and let V be a rational 
G-module. Then the algebra k[Vj ’ of G-invariant polynomial functions on V 
is a finitely generated k-algebra. Let V/G be the affine algebraic variety 
corresponding to k[V] ’ and let ?rKo: V-+ V/G be the morphism of algebraic 
varieties corresponding to the inclusion homomorphism k[V] ‘-+k[ V]. The 
following results are known: 
4.1. 
(i) xv, o is surjective and iS constant on G-orbits; 
(ii) Each fibre nKG-i@), YE V/G, contains a unique closed G-orbit. 
(iii) Let u, U’E V. Then nKG(u)= nKG(u’) if and only if the orbit closures G. u 
and G. u’ have a non-trivial intersection. 
4.2. Condition (*). Let G be an algebraic group such that Go is reductive and 
let V be a rational G-module. We consider the following condition on (V, G): 
(*) For every YE V/G, the fibre ‘Ilv,G -l(y) is a finite union of G-orbits, 
4.2.1 EXAMPLE. Let G be a semisimple algebraic group and let Q = Lie(G). 
Then it follows from 3.2.(i) that (Q, G) satisfies (*). 
THEOREM F. Let H, S, G and L be as in the statement of Theorem A and 
assume further that G is a reductive group. Let V be a rational G-module such 
that (V, G) satisfies (*). 1. A is a weight of S on V, then (VA, L) satisfies 
condition (*). 
PROOF. We note that, by [8, Prop. 10.1.51, Lo is a reductive group, so that 
condition (*) makes sense for (VI, L). Let it = nKo and r~‘=rc~,,~. Let 
YE VA/L, let u and u’ belong to the fibre 7~‘~‘Q, and let yo= n(u). Then by -- - - 
4.1 .(iii) the intersection La u flL. u’ is non-empty and consequently G. u fl G. u’ 
is non-empty. Thus, by 4.l.(iii), rc(u)=~(u’)=y~. Thus we have shown that 
rc’- ‘Q) c x - ‘(vo) tl V, . Since G has only a finite number of orbits on n - ‘Qo), 
it follows from Theorem A that L has only a finite number of orbits on 
7C-l(V). 
5.FINITENESSOFORBITSFORGROUPSOVERLOCALLYCOMPACTFIELDS 
In this section F will denote a locally compact field of characteristic zero. 
Thus F is isomorphic to IR, to C, or to a p-adic field (a finite extension of the 
field QP of p-adic numbers). We let k denote the algebraic closure of F. By an 
F-group we mean an algebraic group defined over F. As in [l], if X is an 
algebraic variety defined over F, we identify X with its set of k-rational points 
and we let X(F) denote the set of F-rational points of X. 
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Let S be a diagonalizable F-group which is F-split and let I/ be an F-rational 
S-module. If p is a weight of S on V, then the weight space V, is defined over 
F. Thus V(F) = C, V,(F), where the sum is taken over all weights p of S on V. 
We will need the following result, which is due to Bore1 and Harish-Chandra 
[2, p. 495, Prop. 2.31 when F= IR and to Bore1 and Serre [3, Cor. 6.41 when F 
is a p-adic field: 
5.1. Let G be an F-group and let I/ be an F-rational G-module. If u E V(F), 
then (G . u) n V(F) is a finite union of G(F)-orbits. 
Theorem E’ below is the analogue of Theorem E for F-groups. 
THEOREM E’. Let G be a semisimple algebraic group defined over F and let 
S be a torus of G which is defined over F and is F-split. Let L = GS and let A 
be a non-zero weight of S on g=Lie(G). Then L(F) has only a finite number 
of orbits on gd(F). 
i 
PROOF. By Theorem E, L has only a finite number of orbits on gn. By 5.1, 
if u E gA(F), then the intersection of L. u with gA(F) is a finite union of L(F) 
orbits. This proves Theorem E’. 
Now for the proof of Theorem G. This theorem is, in fact, a special case of 
Theorem E’. Let the notation be as in the statement of Theorem G in the 
introduction. For the definition of the Langlands decomposition see [7, p. 1371. 
Let gc = g@,C and let G be the adjoint group of Q~. Then G is a complex 
algebraic group defined over R, G(R) is a real Lie group and Lie(G) (resp. 
Lie(G)(m)) may be identified with Q~ (resp. 9). Moreover G = Int(g) is equal to 
GQR)‘, the identity component of the Lie group G(m). It is known that there 
exists an algebraic torus A’ in G, defined over IR and R-split, such that 
Lie(A’)(iR) = a. Let L = GA’. Then L is an R-subgroup of G, Lie(L)@) = 1 and 
L =L(iR)‘. Moreover L(lR) has only a finite number of components. Let p be 
a non-zero weight of a’ on n’; it follows easily from the definitions that n; = gfl. 
Moreover there exists a non-zero weight o of A’ on Lie(G) = gc such that the 
following two conditions hold: 
(9 (Q&W = 9,; and 
(ii) p is the restriction of the differential da to a’. 
Consequently it follows from Theorem E’ that L(lR) has only a finite number 
of orbits on gr. Since L is of finite index in L(iR), it follows that L has only 
a finite number of orbits on gp. This proves Theorem G. 
5.2. REMARK. There exists an obvious analogue of Theorem A for F- 
groups. We leave the formulation and the proof to the reader. 
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